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Abstract 

We show that as in abehan gauge fields, nonabelian gauge fields are also trapped 
on a brane in the Randall-Sundrum model by applying a new mechanism based on 
topological Higgs mechansim. It is pointed out that although almost massless gauge 
fields are localized on the brane by the new mechanism, exactly massless gauge fields 
are not localized. This fact does not yield any problem to abelian gauge fields, but 
may give some problem to nonabelian gauge fields since it is known that there is a 
discontinuity between massless and massive fields in the case of the nonabelian gauge 
theory as in the gravitational theory. 
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The brane world scenarios based on the gravity-locahzed models have opened new per- 
spectives for elementary particle physics beyond the Standard Model |I|, 0]. (For multi-brane 
models, see 0.) The problems in modern physics such as the cosmological constant, the 
supersymmetry breaking and the hierarchy problems might be solved within the framework 
of the brane world scenarios. These problems are hard since solving such problems seems 
to require a low energy mechanism, but not only the low energy physics in the standard 
framework of effective theory does not seem to offer a solution but also it is very difficult to 
change the low energy framework in a sensible manner, given all of the familiar successes of 
the Standard Model. 

The key ingredient in the gravity-localized models with noncompact extra spaces is how 
to localize all the matter and gauge fields in addition to the graviton on a brane. For instance, 
if charged particles cannot be sharply localized on the brane, we are in contradiction with the 
well-established experiment of the charge conservation law in our world. Indeed, concerning 
the localization of various bulk fields on the brane (or the domain wall), there have been a lot 
of works thus far within the framework of local field theory (For a review, see ||2l[| .) 

In particular, the non-localization of bulk gauge fields on a brane was one of fatal drawbacks 
associated with the gravity-localized models since there certainly exists a massless 'photon' 
in our world. 



Recently, we have proposed a new localization mechanism for abelian gauge fields ^2 
The idea of constructing such a new mechanism has stemmed from an attempt of making a 
gauge field's analog of the localization mechanism of bulk fermions. The aim of the present 
paper is to apply the new mechanism to nonabelian gauge fields, i.e., ' gluons\ We will see 
that the nonabelian gauge fields are also localized on the brane by the same mechanism, but 
there is a subtle issue associated with a discrete difference between the zero-mass theories 
and the non-zero mass theories. 

Let us first explain the model setup. We consider the following AdS^ metric: 

= e-^^'^^^udx^'dx" + dr^, (1) 

where M, N, - ■ ■ are five- dimensional space-time indices and /i, z/, ■ ■ ■ are four- dimensional 
brane indices. The brane metric 7]^^^ is the four-dimensional flat Minkowski metric with 
signature (—,+,+,+). Moreover, A{r) = 2k\r\ where k is a positive constant and the fifth 
dimension r runs from — oo to oo. We consider a physical situation such that a single flat 
3-brane sits at the origin of the fifth dimension, r = 0, and then ask whether nonabelian 
gauge fields in a bulk can be localized on the brane only by a gravitational interaction. In 
this article, we will neglect the back-reaction on the metric from bulk fields, so we do not 
need to solve five-dimensional Einstein's equations with the energy-momentum tensor of the 
bulk fields. 

Next we shall review the topological massive nonabelian gauge theories. Such a theory 
has been first constructed by Yahikozawa and the present author In those days, our 



interests have mainly lied in the construction of topological quantum field theories with the 
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topological Higgs mechanism such that there is no metric tensor field in the action and the 
field equations are merely a fiat connection F = 0. Thus in our theory we have not considered 
the Yang-Mills action TrF'^, for which we need the metric tensors for contraction of space- 
time indices. After our work, the topological massive nonabelian gauge theories with usual 
Yang- Mills kinetic term have been constructed In the paper at hand, we shall 

make use of a theory specified to five dimensions of the latter theories. 

In five space-time dimensions, the action of the topological massive nonabelian gauge 
theory is given by |2B 



S = (fx 



^ I — -r,MiNi^M2N2 pa pa ^ / — -^MiNi ^M2N2 ^M^Ns ^M4N4 

■^V~yy 9 ^ MiM2^ N1N2 " 9 9 9 



V -lya -lya i ^MilVhMiMiM^ pa 1 /r)\ 

^ '^MlM2M3M4,''-NiN2N3N4^ -ir,'^ MiM2M3-^ M4M5 ■ 



Here we have to explain our conventions and notations. Though it is more convenient to use 
differential forms in order to express various formulas, for later convenience we will make use 
of the conventional coordinate-dependent notations. For definiteness, we shall take the gauge 
group to be SU{N), with generators T"" satisfying 



TriT^T^) = (3) 
The field strengths F and H oi a, gauge field A and a 3-form C are respectively defined as 

^MN = ^mA^ - OnAIj + gf°-'"'A\,^A'}^, 
Hmnpq = 4:{D[mCnpq]T 

= {DmCnpqY — {DnCmpqT + {DpCmnqT " {DqCmnpY ■, (4) 

where the covariant derivative D is defined in a usual way as {DmCnpqY = OmC^pq + 
gfo-bcj^b^fjc^^^^ newly introduced field strength TC is defined as T^mtvpq — {DmCnpqY + 
gf'^^'^Fljj^VpQ+ (cychc terms) with a 2-form auxiliary field V. (Henceforth, we set the cou- 
pling constant 51 to be 1 except when the coupling constant is needed.) This modified field 
strength Ti. has been introduced to compensate for the non-invariance of the kinetic term 
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TrH , under the tensor gauge transformations associated with C^jj^p ^T^. Note that the 
V^jj^ is a non-dynamical field since there is no kinetic term for it in the action. The action 
(0) is invariant under the gauge transformations 

5AI, = iDM0Y = dM9'' + r'''AiO': 

^^MNP = 3iD[M^NP]Y + f°'^'^C\lNp0'^ ■• 

8V^N = -^MN + r"'Vl,^0'^. (5) 
The equations of motion following from the action @) read 

\p njMiM2M:iM4]a _ f. 

[-T Ml A/21 J — U, 
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It is easy to show that the topological Higgs mechanism in the nonabelian case occurs in a 
set of equations of motion (|). 

Now using this topological massive nonabelian theory we wish to show that nonabelian 
gauge field in a five- dimensional bulk is confined to a flat brane. For this, we start by taking 
the gauge conditions of the symmetries @ 



V^,^{x'') = 0. (7) 



A^^{x'') = 0, 



Furthermore, for simplicity we make an ansatz 

C^mn{x'') = 0. (8) 

With these gauge conditions and the ansatz (H), we make the following simple Kaluza- 
Klein reduction ansatzs for zero-mode 



CLJx'^) = cl(x^)u{r). (9) 



Al{x'') = al{x')u{r) 

where we assume the free equations of motion in four- dimensional flat space-time: 

d'tpu = d'Kup. = 0, (10) 

with the definitions being J'^^ = 2d[f,al] and hf^^p^ = 4:d[^clp^y 

Even with these simple ansatzs, it is difficult to find the zero-mode solution u{r) owing 
to the non-linearity of the equations of motion. However, as in the analysis of the graviton 
where the linear fluctuations h^iy around the fiat metric 77^1, are studied at the lowest level 
of approximation, it is sufficient to take account of the linear equations of the fields, which 
implies that we look for a solution at the lowest level of the coupling constant g. The linear 
equations of motion for the fields reduce to 



OM2\y~99 9 ^NiN2)~~^^ '^M2^M3M4M5 — U, 

OmAw 99 9 9 9 nN^N2NzN4,) ^nne Om^^m^ — u, i^iij 



where F^^ = 2dyMA%^ and H^j^pQ = AOimC^pq]- Then, using Eqs. (|1]) and (|), Eq. ([TT]) 
takes the forms 



dr (e-^Ma,i/(r)) - ^^e^-^P'^ctpMr) = 0, (12) 
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m 



g e^-'-'d.ct^Mr) = 0, 



(13) 



c' 



dr{e^^'^dru{r)) - me>"'P'' aldru{r) = 0, 



(14) 



0. 



(15) 



Note that up to gauge group index a, these equations have the same forms as those in the 
case of abehan gauge field [Q. As the abehan case, since we can regard Eqs. (0), ( p^D as 
the gauge conditions in four- dimensional space-time, the equations which we have to solve 
are Eqs. (p!^, (p^). From the two equations, we can derive a differential equation to u{r): 

(a^n(r))^ - m\2(r) = 0. (16) 



Provided that after Z2 orbifolding with respect to the fifth dimension we impose an even 



reflection symmetry on u(r), a general solution to ([T6|) is given by 



c e 



±me(r)r 



(17) 



where c is an integration constant and e{r) is the step function defined as e{r) = and 
e{0) = 0. Moreover, imposing the boundary conditions such that u{±oo) = 0, u{0) = uq, a 
special solution takes the form 



u[r\ 



Uq e 



-me{r)r 



+ 0{g). 



Here in order to emphasize that this solution is a solution up to the leading order of the gauge 
coupling constant g, we have put the term 0{g). 

We are now ready to check that this zero-mode solution of the gauge field as well as the 
3-form potential leads to a normalizable mode and the localization on a brane. To do so, 
plugging Eqs. (0), (||) and (||) into the starting action (|), we have 



^(0) 



00 

d'^x I dr 
00 



_}_„2A jra TTap,vpcj 
48 i^'^P'^ 



— r r 

Y2 p-^P^ 



{drUf 



(19) 



where the topological term has dropped from the above action after performing integration 
by parts over r. First, let us focus our attention to the first plus second terms in (^). The 
calculation of the r-integrals leads to 



Si = 



■00 

d'^x j dr 
00 



+ 



2m 



d'x\-]{^id,a:-d, 
L 4 m 

4 

^g2jabcpdehc dp^eu\ 
T), P ) 



- a,Alf + -^gr^'id^al - a,a;)a'"^a- 



2m + k 



(20) 
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where the couphng constant g was recovered. In order to transform the free kinetic terms to 
a canonical form, let us redefine the field and the coupling constant as 



^0 a 



'm 
2x/m 



(21) 



Consequently, the action (EH) reduces to 



^1 



d X 



} 



m 



a,,a,,a "^a > , 

^ " ' 2m+k ^ 



(22) 



Let us note that the coefficient in front of the third term of order 0{g^) is not 1 but |, which 
makes impossible to transform the parts except a mass term to the square form. This is 
because the solution (|l^) is a solution holding only up to 0{g), thereby meaning that terms 
of 0{g^) in the action are ambiguous. To determine the correct coefficient in front of the 
third term, we require the gauge invariance for the action except a mass term. As a result, 
the action (E2D reads 



Si 



d X 



m 



2m+k ^ 



(23) 



where /^^ is the four-dimensional field strength of the gauge field a^, = d^a'^ — d^a'^ + 



gr'^a'al. 



Next let turn to the third term in ([T9|) , that is, — ^ / d^xe^^H^^^^H'^^'^P'^ . Since we have 
the expression H^yp„ = d^clp^uij) + gf"-'"^a'lj^clp^u^{r)+ (cyclic terms), the r-integral in front 
of the free kinetic term for becomes 



dre^'^u^(r) 



Un 



m 



2k 



(24) 



when m — 2k>0, whereas it diverges when m — 2k<0. As in abelian gauge field, we assume 
the relation m — 2k < 0, hj which a 3-form potential c°^^ is not localized on a brane, but 
lives in a bulk away from the brane 0]. Accordingly, the brane action is given by the action 



(p3|). In addition to the relation m — 2A; < 0, we have to require the massless condition of the 

3 

gauge field, which becomes -C 1. These conditions are simply satisfied by taking k ^ m 
as in the case of abelian gauge field, that is, ^photon\ Hence we have shown that like abelian 
gauge field, nonabelian gauge field is also localized on a brane by a gravitational interaction. 

At this stage, we should comment on one subtlety. Even if we have shown that gauge 
fields with almost vanishing mass can be localized on a brane by a gravitational interaction, 
exactly massless gauge fields cannot be localized on the brane by the mechanism mentioned so 
far. This fact can be understood by looking at the normalized zero-mode in a flat space-time. 
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u{r) = A/me"™'^*^^'''', which becomes vanishing when m is exactly zero. This situation is the 
same as that of fermions where only fermions with mass of a 'kink' profile can be localized 
on the brane [^]. This problem does not give us any problem to massless gauge fields since 
in the case of the abelian gauge theory the zero-mass case is simply the limiting case of 
the finite mass theory [^]. However, it is well-known that in the nonabelian gauge theory 
and the gravitational theory, there is a discrete difference between the theory with zero-mass 
and the theory with finite mass, no matter how small as compared to all external momenta. 
In particular, this problem is serious in the gravitational theory since experiments of the 
bending of light rays near the sun and the perihelion movement of Mercury are distinctly 
different for the zero-mass graviton and the graviton with infinitesimally small mass. Of 
course, experiments force us to select the zero-mass theory. 

This situation is more subtle for the gauge theory compared to the gravitational theory by 
the following two reasons. In the case of the gravity, the discontinuity appears at the tree level, 
while in the case of the nonabelian gauge theory it occurs at the loop level, so the corrections 
might be very small in this case. The second reason is that although we theoretically regard 
the gluons as exact massless particles, the gluons with a mass as large as a few MeV may 
not be precluded experimentally [^. Thus if the gluons in fact have such a small mass, we 
can apply the present localization mechanism to nonabelian gauge fields without conflicting 
experiments. 

In conclusion, we have applied a new localization mechanism developed for abelian gauge 
fields to the case of nonabelian gauge fields. Our mechanism fully utilizes the topologically 
massive nonabelian gauge theories and is very similar to that of fermions in the sense that 
in the both mechanisms the zero-modes share the same form and the presence of the mass 
term of a 'kink' profile plays an essential role for trapping the zero-modes of the bulk fields 
on a flat Minkowski brane. It is worthwhile to stress that abelian gauge fields and nonabelian 
gauge fields in a bulk are localized on a brane by the same mechanism. We have also pointed 
out one subtlety associated with massless nonabelian gauge fields. 
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